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Stationkeeping at Libration Points of Natural
Elongated Bodies

Tomas Prieto-Llanos* and Miguel A. Gomez-Tiernof
Universidad Politecnica de Madrid, Madrid 28040, Spain

Collinear libration points are proposed as useful locations for the close survey of natural elongated
bodies in rotation. The effect of the primary asphericity is introduced qualitatively by means of the mass
dipole model, for which the equations of motion and the libration point stability analysis are derived as
a generalization of the circular restricted three-body problem. A transformation is provided to obtain a
linear mass distribution that is gravitationally equivalent to a body of revolution, and the results for the
rotating dumbbell may be applied to a more general class of bodies. A modal control technique is described
for stabilization of collinear libration points. This technique is then used to stabilize a simulated probe
at LI of the Mars-Phobos system.
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Nomenclature
moment mn of the potential
amplitude; semimajor axis
Jacobian constant
component of the jth mode
mass dipole length
direction of the jth mode in the position-
velocity space
gravitational constant
Hamiltonian
parameter of angular rate of the rotating dipole,

co
= angular rate of the primary
= pulsation frequency of the harmonic mode

z —

£ =

ith libration point
total mass of the primary
mean angular motion
center of mass of the primary
distance from the £-axis to a point of the body
surface
distance from the £-axis to a point of V
primary body
gravitational potential
internal volume of the primary
velocity in the synodical frame
pseudopotential
coefficient jkl of the power series expansion of W
synodical co-ordinates of the secondary
amplitude ratio of the synodical modes
root of the characteristic equation
linear mass density; mass ratio of the dipole
synodical co-ordinates of a point of the primary
matrix of projection factors
projection factor of the &th state component along
the y'th mode
distance from the secondary to the y'th point mass
of the primary
mass density of the primary
time constant of an exponential mode
phase
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Subscripts
1,2 = first, second mass point of a dipole
e = exponential mode in the synodical plane
h — harmonic mode in the synodical plane
/, u = lower, upper bound
s = relative to the synodical plane
z — out of the synodical plane mode

I. Introduction

I N the past decade, the space community has shown an
increasing interest in exploring some celestial bodies (comet

nuclei and the Mars satellite Phobos) that share the feature of
being of elongated shape, an attribute common to other solar
system objects such as Deimos, Amaltea (J5), J14 and, likely,
some asteroids. Missions (such as Asteroid Gravity Optical and
Radar Analysis (AGORA),1 Comet Nucleus Sample Return
(CNSR),2 Comet Rendezvous and Asteroid Flyby (CRAF),3
or the Soviet Phobos 88 mission), were analyzed or planned
envisaging the close approach to, or even alighting on, these
bodies.

The motion in the near vicinity of elongated bodies is influ-
enced by both the central body mass distribution and its rota-
tional behavior. A rotating system may have several libration
points at which a mass point of negligible mass will remain
at rest with respect to the rotating frame as centrifugal and
gravitational accelerations cancel each other out and other iner-
tial acceleration terms are null. One of these points has been
already used, as the International Sun Earth Explorer ISEE-3
(see Ref. 4) librated about the sun-Earth LI Lagrangian point.
Moreover, control techniques4"8 have been designed that result
in efficient Stationkeeping of libration point trajectories. In the
case of a rotating elongated body, a probe initially placed near
one of the libration points will remain in its neighborhood with
little cost, even in the presence of perturbations. Therefore,
libration points may turn out to be useful locations for the close
survey of elongated bodies.

This paper studies the motion and control of a probe when
in the proximity of the collinear libration points, i.e., those
approximately aligned with the principal axis of lowest moment
of inertia of the natural elongated body. A brief background is
provided on models and dynamics of the primaries themselves.
Equations of motion are obtained, mostly as a generalization
of the circular restricted three-body problem (CRTBP).9 Next,
a station-keeping method is presented for maintenance at a
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libration point. As an illustration, the stationkeeping at LI of
the Mars-Phobos system is simulated. Jc - 2Oy = dW

dx

II. Primary

A. Rotational Dynamics
Regarding the rotational behavior, natural elongated bodies

separate into bodies in pure rotation and nutating bodies. Aster-
oids and planetary satellites belong to the first class. They are
old objects in the solar system and have reached the state of
lowest energy for a given angular momentum, i.e., pure rotation
about the principal axis of highest moment of inertia;10 any
primeval nutation faded away because nutation induces time-
varying internal stresses that dissipate mechanical energy
through hysteresis cycles.

Comet nuclei,11 recent bodies in the solar system, form the
second class. Mass loss around perihelion passage produces
torques and modifies both the center of mass and the moment
of inertia tensor, so nutation and precession appear.

B. Gravitational Field
The primary being considered in this paper is an elongated

body. Its mass distribution differs greatly from the spherical
one, the most common reference model in celestial mechanics.
The usual gravitational potential expansion into spherical har-
monics fails or needs a large number of terms in close proximity
to the elongated body, and a different gravitational model is
then required. In the model used by the authors, a body of
revolution substitutes for the overall shape of revolution of the
primary, while a set of mass points accounts for mean shape
departures or mass concentrations (MASCONs).

III. Dynamics

A. Equations of Motion
Let us consider a point (the secondary) of negligible mass

subject to the gravitational attraction of a primary body S that
rotates with constant angular rate fl about an axis Oz passing
through its center of mass O. A sketch of this system is shown
in Fig. 1. In the synodical frame Oxyz, rotating with the primary,
the equations of motion of the point mass may be written as5'9

v

dy
..= dW

where the pseudopotential depends only upon position

W A O(jc2 + /-)/2 - U
and U is the gravitational potential

(1)

(2)

(3)

The Hamiltonian is an integral of the motion, related to the
Jacobian constant,

H = v2/2 - W= constant = - C/2 (4)
As v2 is always positive, the secondary is restricted to stay
within the surface of zero relative velocity of the motion, defined
by W = C/2.

The equilibrium points in the synodical system satisfy
VW = 0 (5)

Although some of these equilibrium points are unstable, all of
them are commonly called libration points.

The five Lagrangian points, equilibrium points of the circular
restricted three-body problem (CRTBP) in which two mass
point primaries revolve in circular Keplerian orbits around each
other have been known since Euler and Lagrange's time. Refer-
ences 5 and 9 contain a detailed discussion of the different
libration points and of the stability of motion in their vicinity.

In the case of a natural elongated body in rotation, the number,
location, and stability of the libration points depend upon actual
shape, mass distribution, and rotation period of the body. How-
ever, some qualitative information may be obtained from the
study of a rotating mass dipole.
B. Rotating Dipole

Figure 2 presents the geometry of a problem in which the
two point primaries of masses M\ and M2 are separated by a

Fig. 1 Geometry of the problem: general case. Fig. 2 Geometry of the problem: the rotating mass dipole.
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constant distance d. This rotating dumbbell is a first approxima-
tion to an elongated body. After normalizing masses with the
total mass of the dipole M = M\ + M2, lengths with the distance
between primaries, and time with H'1, the equations of
motion become

where

dW

dy
dW

W= (x2 + y2)/2 - U

(6)

U=-

jx = M2/M e[0, 1], k =

ji/pj

(7)

(8)

(9)

The parameter k is the ratio of gravitational acceleration to
centrifugal acceleration. For k — 1, the problem becomes the
classical CRTBP, a limiting case. For k < 1, cohesive strength
is necessary to avoid body disruption under forces of inertia
unbalanced by body self-gravitation; thence, the case k < 1
does not seem to be very realistic. Conversely, k > I should
be the most frequent case, in which some compressive strength
prevents the body from collapsing to adopt the shape of an
oblate spheroid.

There are up to five libration points, all of them in the
synodical plane. Three of them (LI, L2, and L3) are collinear
with the primaries

Li =

lie within the range

{1,2,3}

oo[;

(10)

(U)

xl

and satisfy Euler's quintic equation

ii(4\L - 2) + Jciz(6|jL2 - 6|x + 1)
[4jx3 - 6\L2 + |x(2 + k{s{ - s2}) -

- 2fJL3 + |JL2(1 + 2k{Sl ~ S2}) -

- S2) - 3|JL25i H- 3jJLS! - 5,] = 0

(12)

5! = sign (x + JJL), s2 = sign (x - 1 + JJL) (13)

Only L2 and L3 are suitable points to place a probe, since LI
would lie within the primary which the mass dipole approxi-
mates. However, LI may be out of the primary in the case of
a composed body (see example in Sec. V). The two remaining
libration points (the triangular libration points L4 and L5) are
equidistant from both primaries, and are placed at

L4, 5 = [1/2 - p., ± (km - 1/4)1/2, 0)] (14)

C. Stability of the Libration Points
In the vicinity of a libration point, the linearized equations

of motion are

AJC - 2Ay =
Ay + 2Ajc =

Az = wm

oAjc •+ 2
+ won Ay +

(15)

where the wjki are coefficients of the local power series expansion
of W

w = w°
1 . Collinear Libration Points

In this case, the three nonnull coefficients in Eq. (15) are

wm = (1 + 2A30)/2, w02o = (1 - A30)/2, = - A30/2
(17)

where the moment A30 is given by

Amn = (xu ' (xu - 1)"]

(18)

The z motion is harmonic, with pulsation frequency o)z =
(A30)l/2, and is not coupled with the synodical plane motion,
for which the characteristic equation is

?(2 - A30) + (1+ 2A30)(1 - A30) = 0 (19)

Two roots are pure imaginaries and define a harmonic mode,

Ax = ah cos (GO/ + cp0)
Ay = K^sin(o)/ + <p0)

co, = li\,l, = 2co,/(A30 - 1 - w2)

(20)

(21)

The two remaining roots-Tj1 are opposite reals, and define
exponential modes

(Ajc, Ay) = fle*' /T '(l,

= (1 - (2A30 + 1)T?)/2T,

(22)

(23)

Since there is an exponential divergent mode, the collinear
libration points are unstable, and active control is necessary to
stay in their vicinity. Reference 12 contains series for the roots.

2. Triangular Libration Points

Now, the nonnull coefficients w/w in Eq. (15) are

wm = 3E/2, wm = 3(1 - £)/2
Woo2 = - 1/2, w,10 = ± 3(1 - 2(ji)(£

£ = r2/3/4

(24)

(25)

The z motion is harmonic, with o>2 = 1, synchronous with the
dipole rotation.

The characteristic equation of the motion in the synodical
plane is
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X? + \2
S + 36*1(1 - IL) E(\ - E) = 0 (26)

The system will be unstable when

144^(1 - [L) E(l - E) > 1 (27)

whereas it will otherwise present neutral stability. Figure 3
shows the stability domain in the JJL - k plane. Two separate
sufficient conditions for stability are

k t [((1/2 + 72/3)-3/2) 78, ((1/2 - T2/3)'372) /8], or
\L £ [1/2- ^2/3,1/2 + 723/] (28)

that define a box excluding the region of unstable motion.

D. Axisymmetrical Body
Although a mass dipole may qualitatively introduce the

effects of strong primary asphericity, such a simple model can
hardly substitute for a generic body. However, an axisymmetri-
cal body is able to more accurately represent an elongated
primary. Furthermore, a body of revolution may be replaced
by a linear mass distribution.

Let us consider a generic axisymmetrical body (Fig. 4) gener-
ated by revolving its meridian line /?(£), defined in the interval
£ e [&, £J, about the axis of symmetry 0£. The body has mass
symmetry also, its density distribution depending upon the £-
station and the distance r to the axis of symmetry

a = a(5, r), + [0, R(Q] (29)

A mass system equivalent to this body is the one-dimensional
mass distribution, or mass rod, whose linear mass density |x©
along 0£ satisfies the integral equation derived hereafter. To be
gravitationally equivalent to the body of revolution, a mass
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Fig. 4 Axisymmetrical body.

rod must produce the same gravitational potential as the body
everywhere outside the body surface. This condition applies to
axis O£ in particular, where the body gravitational potential is

f(x) = U(x, 0, 0)
r & rR= -2irU'

(30)
[(x -

and an integral equation to be satisfied by the linear mass
distribution |x(x) is

(31)

which forces the mass rod to produce the same gravitational
potential f(x) as the body of revolution along the axis of symme-
try. Once the linear mass distribution has been obtained by
solving Eq. (31), the gravitational potential it produces can be
calculated as

U(x9 y2 (32)

Although the number and location of the libration points will
generally differ from those of the dipole, most of the results
obtained for the mass dipole may be generalized to the linear
mass distribution. All the relations relative to the stability of
the collinear libration points [Eqs. (15-23)] remain valid with
only the exception of Eq. (18), which is replaced by

Amn = k [(xu - & + y2
u + (33)

Fig. 3 Rotating mass dipole: L4, 5 stability domain.

where (xu, yLi, Zu) is the position vector of the libration point.

IV. Control of Collinear Libration Points
As collinear libration points are unstable, control is manda-

tory to stabilize a system subject to error sources, such as
injection errors, state determination errors, maneuver mechani-
zation errors, and model errors (on the gravitational model,
nutation and precession of the primary, solar radiation pressure,
ejection of gas and particles from the primary, etc.). This control
shall be designed to also satisfy operational criteria such as
avoidance of collision with the primary, low cost for sta-
tionkeeping, robustness, and autonomy (some of the natural
frequencies may be so high that the time lag imposed by a
remote control might destabilize the system).

Several control techniques have been devised for stationkeep-
ing of a libration-point probe and for the orbit maintenance of
halo orbits (quasiperiodical, three-dimensional orbits around a
collinear libration point), with particular attention to the sun-
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Earth and Earth-moon systems. Reference 5, a pioneering paper,
proposed simple linear feedback control for stationkeeping as
well as for homing after injection, and also discussed other
controls (only-radial-axis control, on-off control, and stabiliza-
tion by adjusting the length of a cable connecting two satellites).

In relation to the maintenance of halo orbits,4'6"8 a shooting
method that computes the maneuver to stay in the vicinity
of a reference orbit until the next maneuver was applied to
International Sun Earth Explorer ISEE-3 (See Ref. 4). Reference
6 proposes the use of optimal linear quadratic control to obtain
the control gains; a reference orbit with much smaller residual
acceleration than in Ref. 4 leads to a reduction in maneuver
size. Reference 7 describes a modal control method that consists
of three steps: the generation of a very accurate analytic refer-
ence orbit, the analysis of the dynamic behavior in the orbit
neighborhood and, finally, the cancellation of the component

along the unstable direction. Reference 8 extends a discrete-
time optimal maneuver strategy method, originally developed
for interplanetary multiple target missions, to stay in the vicinity
of a numerically generated reference near-halo orbit. All these
references declare results with similar maintenance cost of sta-
tionkeeping for halo orbits about LI of the sun-Earth/Moon
barycenter.

The controller used in this paper is a discrete-time controller
derived from the one in Ref. 7, although the harmonic modes
are controlled here also, and some heuristics are added to cope
with relatively large model and measurement errors. At a
generic control time, the probe state vector can be expressed
in the local basis {e;}, with components given by

Cj = row/ (II) • (x - xLh y - yu, z - (34)

Fig. 5 Geometry of the problem: Mars-Phobos system.

-0.2
9391.5 9513

x ( k m )

Fig. 6 Transformation from ellipsoid of revolution to set of ten
mass points: relative error on Phobos' gravitational potential along
the axis of symmetry.

L1 9370 9390 L2 9410

x (km)

Fig. 7 Curves of zero relative velocity in the synodical plane of
the Mars-Phobos system (level curves separated by 1 m2/s2).

The matrix of projection factors is built from the modes of the
linear system and does provide an explicit expression (con-
versely to the system of Ref. 7)

Table 1 Effect of Phobos' shape on the parameters of dynamics

Parameter

Phobos shape

A30, 1/s2

Ke

Tw s

K*
o)5, rad/s
o)z, rad/s
XLI, km

Nominal
Ellipsoid

of
revolution
0.2415 X 10'6

-0.4901
1592.

-3.427
0.5069 X 10'3
0.4914 X lO'3

9360.849

CRTBP

Sphere

0.2082 X 10~6

-0.5390
1747.

-3.212
0.4726 X 10-3

0.4563 X 10-3

9361.879

Table 2 Mission and probe parameters

Parameter Value
Duration
Interval between maneuvers
Orbit determination error1

random noise
bias

Injection error1

Maneuver mechanization error1

Uncertainty of Phobosb

gravitational model

1 day
1200s

10 m, 1 mm/s
10 m, 1 mm/s
300m, 30cm/s
1 mm/s
±6.54 X 10-5 km3/s2

al — a along x, y, and z axes. b!0% of the nominal value.

Table 3 Effect of error sources on the delta-V budget

Total AV, m/s

Error Source
Std.

Mean dev. Min. Max.
Single error source

- Orbit determination
• Random noise (10 m, 1 mm/s)
• Bias (10 m, 1 mm/s)

- Injection error (300 m, 30 cm/s)
- Phobos gravitational model
(+ 10% GMPhobos)

Without LI estimator
With LI estimator

All the error sources

1.13 0.12 0.76 1.42
0.41 0.31 0.03 1.51
1.56 0.91 0.22 4.55

26.80 0.00 26.80 26.80
0.71 0.00 0.71 0.71
2.75 1.00 1.16 6.79
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1
Ke

0
1/T,

K / Te'^s

0
•

1
-K,

0

-1/T,

K /T•V' *s

0

1
0
0
0

O)VK

0

0 0
K* 0

0 1
(O.K/, 0

0 0
0 0

(35)

where the first row (TT^ corresponds to the unstable component.
An impulsive maneuver that cancels theyth component satis-

fies

(TIT,*) - (0, 0, 0, A*, Ay, (36)

Since the maneuver affects only velocity, the six components
Cj can not be zeroed at the same time, and the following control
logic is used to choose which components are to be cancelled:

1. As in Ref. 7, the unstable component is cancelled without
delay, as the control cost would otherwise increase, but the
convergent exponential mode decays naturally and needs no
control.

2. The component of the harmonic mode in the synodical
plane is cancelled when the probe crosses the branch of the
convergent mode.

3. The component of the harmonic mode along the z-axis is
cancelled when the probe crosses the synodical plane.

Once the components to be zeroed are chosen, the optimal
maneuver is the one that minimizes the Euclidean norm of
the maneuver delta-V while zeroing these components, i.e.,
honoring the constraints of Eq. (36).

To deal with state determination and model errors, additional
rules were introduced in the final version of our controller:

1. The true position of the libration point (that may in general
differ from the a priori estimate) is estimated and then used
when computing the Cj.

2. The amplitudes of the harmonic modes are not completely
cancelled but reduced to a small value to excite (dither) the
libration point estimator.

3. The maneuvers are applied only when the size exceeds a
threshold (as in Ref. 6) chosen in accordance with the expected
measurement errors.

V. Application: LI of Mars-Phobos
We present an application to the station-keeping control of

a probe at LI of the Mars-Phobos system. This system does
accept the treatment (modeling and controller design) described
in previous sections, shows features from both the isolated
elongated body and the CRTBP (Phobos is an elongated body
permanently aligned with the other primary, Mars, of almost
perfect spherical shape), and may turn out to be of practical
interest in the future.

A. Mars-Phobos System
In this paper, a triaxial triellipsoid (of 27.0 X 21.6 X 18.8

km and a gravitational constant of 6.5385 X 10"4 km3/s2 ±
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Fig. 8 Case of one-day stationkeeping at LI of Mars-Phobos with + 10% error on Phobos mass: trajectory.
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10%) substitutes for Phobos, whereas Mars is taken as a mass
point 9378 km apart from Phobos and with a 42,828.3 km3/s2

gravitational constant. This model has already been used in a
number of papers (e.g., Ref. 13). Given the small difference
between two of the ellipsoid axes, Phobos may be approximated
by an ellipsoid of revolution (of 27.0 km X 20.15c|> km) orbiting
Mars in a gradient stabilized attitude (Fig. 5). Now, the whole
Mars-Phobos system presents the features of a body of revolu-
tion (the axis of symmetry is the line connecting the barycenters
of the two bodies) which rotates with angular rate n, Phobos'
mean angular motion about Mars. The system may be further
replaced by the gravitationally equivalent linear mass distribu-
tion which satisfies Eq. (31). For practical reasons, an approxi-
mate solution, consisting of a set of mass points along the x-
axis, is preferred to the exact solution to Eq. (31). Thus, one
mass point has taken the place of Mars, whereas ten mass
points substitute for Phobos. The approximation has a negligible
contribution to model error. Just 4 km above Phobos' surface,
the relative error introduced in the calculation of Phobos' gravi-
tational potential falls below 10~6 (much smaller than the ±10%
uncertainty in the mass of Phobos itself), and vanishes at infin-
ity. Figure 6 presents the evolution of this error along the x-
axis, the axis of revolution of the two bodies.

Figure 7 shows the curves of zero relative velocity of the
Mars-Phobos system in the vicinity of Phobos. There are two
libration points (LI and L2) close to Phobos (nominally at 3.65
km altitude only). Notice that the mass distribution does allow
an LI solution because, conversely to the interior libration point
of the rotating dipole of Sec. III. B, LI does not lie within a
primary. Three other libration points (L3, L4, and L5, none of
them shown in Fig. 7) are in the positions corresponding to the
classical CRTBP (i.e., at 18756, 9378, and 9378 km from
Phobos, respectively), and one fictitious libration point is at
Phobos' center. Consequently, LI and L2 are the only practical
static observation points close to Phobos, and, given the almost
exact symmetry of the two libration points, only the stationkeep-
ing at LI will be considered. Table 1 compares the parameters
of the nominal dynamics (ellipsoidal Phobos) with those of the
CRTBP (spherical Phobos). The effect of Phobos asphericity
is noticeable. In particular, LI is 1 km (27% of LI altitude) closer
to Phobos' center in the CRTBP than in our nominal dynamics.

B. Controller
The technique described in Sec. IV. was used to design the

controller. The expected gravitational mismodeling is likely to
cause the true position of LI to differ from the nominal position
corresponding to nominal dynamics, and will similarly affect
the projection factors. To deal with the effect of this error
source, an on-board estimator of the true LI position was imple-
mented (with accuracy limited mainly by position measurement
biases), whereas the updating of the projection factors was not
required and the nominal ones were used. This approach was
enough to drastically reduce the impact of model errors on
station-keeping cost, while retaining control autonomy, low
complexity, and low computational load.

C. Simulation Description
Batches of software simulations were performed for the mis-

sion and probe which are defined in Table 2. Two kinds of
error sources were taken into consideration with pseudorandom
errors, in accordance with the statistics of Table 2, representing
the first kind:

1. The initial conditions of every simulation were obtained
by perturbing the ideal injection (probe at rest in the nominal
position of LI) with randomly generated injection errors affect-
ing position and velocity.

2. On-board estimates of position and velocity were simulated
by adding measurement biases (randomly generated at the

beginning of every simulation) and white noise (randomly gen-
erated at every measurement time) to the actual values of every
component of the probe state.

3. Orbital maneuvers were perturbed by randomly generated
maneuver mechanization errors.

4. Gravitational mismodeling, introduced by placing a per-
turbing mass point (mass selectable by the user) at Phobos'
center.

After generating the initial conditions, the state of the probe
was propagated in the Mars-Phobos system (including a per-
turbing mass point at Phobos' center) until the first control
time was reached. At that time, probe state and libration point
position were estimated, and Eq. (34) provided the components
of the state in the local basis using the aforementioned estimates
and the nominal projection factors. The control logic decided
whether to apply an impulsive maneuver and which components
in the local basis were to be cancelled. If a maneuver was to
be executed, maneuver mechanization errors were added to the
ideal delta- V. Then the probe state was propagated to the next
control time, and the procedure repeated until the final time
was reached.

D. Results
The simulations allowed us to assess the sensitivity to single-

error sources and determine the statistics of stationkeeping cost

t (days )
Fig. 9 Case of one-day stationkeeping at LI of Mars-Phobos with
+ 10% error on Phobos mass: maneuver history.

<

1

• 60 -40 -20 0 2O 40 60 80 100

SGMPhobos/GMphobosl%)

Fig. 10 Control robustness before Phobos mass model errors (one-
day stationkeeping).
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in the presence of all the error sources (see Table 3). The
results are similar to the ones presented in Ref. 12, where linear
quadratic control was applied to the stationkeeping at L2 of
Mars-Phobos, as well as to the maintenance in a halo orbit
about L2. A case of simulation is presented in detail in Figs.
8 (trajectory) and 9 (maneuver history). All the error sources
were switched on, and an additional mass amounting to +10%
of Phobos' mass was placed at Phobos' center. After the initial
homing (costing some 4 m/s) towards the true LI, some 400
m farther from Phobos than the nominal LI, the probe stayed
in the vicinity of the true LI with a moderate cost of 1.5 m/
s/day. Even in this case of large injection errors and relatively
poor orbit determination accuracy, the delta-V expenditure
seemed to be affordable.

Finally, Fig. 10 presents the effect of Phobos' mass uncer-
tainty on station-keeping cost and on the lowest altitude reached
(over the 1000 simulation cases run to generate each point/bar)
in the presence of all the other error sources. Even employing
nominal projection factors, the control was robust enough to
tolerate model errors as large as 50% of the satellite mass
without impacting on Phobos.

VI. Conclusions
The collinear libration points of natural elongated bodies in

rotation have been proposed as a suitable location to place a
probe. Generalizing from the classical restricted three-body
problem, the stability of these points has been reviewed for the
rotating mass dipole, considering especially the case in which
both primaries are of similar mass and the angular rate does
not correspond to Keplerian motion. A method is provided that
transforms a body of revolution into a mass rod, which allows
us to apply most of the results from a rotating mass dipole to
rotating elongated bodies.

A modal control technique is described that stabilizes the
collinear libration points. An application to the control of a
probe at LI of the Mars-Phobos system is presented in detail.
The controller proves to be robust in the presence of large
errors in the knowledge of the gravitational model, and well-
suited for the close observation of natural elongated bodies,

i.e., of small natural satellites (such as Phobos), asteroids, and
comet nuclei.
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